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Goal of this Lecture

● Review some general relativity concepts important for cosmology

● Understand the geometric description of the Universe

● Einstein equations: Relate energy and geometry

● Friedmann Equations: evolution of the Universe

#
#
#
#


Pillars of cosmology

● Physical considerations
○ the Universe is homogeneous and isotropic  (“Cosmological principle”)
○ These are statistical properties
○ Only relevant on large enough scales

● Metric Theory of gravity: tensor description

● A theory for gravity: General Relativity

● All are assumptions, they may be falsified one day… maybe by you?

#
#
#
#


History of Gravity

If I hold a rock and let it fall, why does it fall? 

Aristotle: because the rock goes back to its “natural place” (earth)

Newton (1687): because F=ma

Einstein (1915): Because it stays on a geodesic

Geodesic: “shortest path”

Flat space: straight lines

Sphere: great circles

#
#
#
#


Relativity

In Newtonian physics, the Universe is the container of all physical objects

In Relativity, the Universe is a physical object itself, with a history and an evolution. 

Cosmology = describing the evolution of the Universe

We need a theory that can describe it. 

General Relativity (GR) is our best theory so far!

Note: as of today, we don’t have a unified theory of GR and quantum physics

Many theoreticians thinks there should be a unified theory… but who knows?

Disclaimer: Not a GR course! I will only focus on the aspects that are necessary for cosmology

#
#
#
#


● 1900: Lord Kelvin  “two clouds”: 

Michelson-Morley and UV catastrophe

● 1905: Einstein’s Special Relativity: 

○ The laws of physics are the same in all 
inertial frames

■ Quantities need to be expressed in 
terms of tensors

○ Abandon the concept of simultaneity: need 
to synchronize clocks

○ Time dilation
○ Distance contraction

Special Relativity

● Galilean transformations:

● Maxwell: speed of light constant

● There needs to be a “preferred frame” 

where the speed of light is c: Aether

● Michelson & Morley: no sign of aether

● Lorentz transformations: necessary to keep 

c constant in all frames:

1884

#
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General Relativity

Special Relativity: “The laws of physics are the same in all frames”

Flat spacetime

Independent of the frame: need tensors

Equivalence Principle: an observer cannot distinguish free fall from acceleration

General Relativity

Describes gravity

Need to abandon the flatness of the Minkowski metric

#
#
#
#


Note: Conventions

There are A LOT of different conventions in GR

I chose to follow Peacock (1999)

If you find the same equation with a different sign 

somewhere, it may come from a different choice of 

convention. 

Always check the convention chosen by the 

authors!

Of course, there may still be a typo in this lecture

In case of doubt, check one of the reference 

textbooks

#
#
#
#


Spacetime and Events

In special relativity, Einstein introduced the notion of spacetime:

           is a manifold, i.e., a space “locally similar” to             , N=4

An event is a point in a M 

Is called a 4-vector (more on that later)

Convention: 

● greek indices from 0 to 4 (spacetime); 

● 0: timelike

● latin indices (i,j,k,...) from 1 to 3 (spacelike)

https://towardsdatascience.com/manifolds-in-data-science-a-brief-overview-2e9dde9437e5

#
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#
#


Euclidian Metric

Wwe can rewrite the usual (3d) cartesian distances (Pythagoras 

theorem): 

#
#
#
#


Minkowski Metric 

The line element between two events is

The path of a particle traveling at c follows ds=0.

We can rewrite it as a matrix product: 

Where is the metric tensor.

Here: Minkowski tensor

Notice the upper and 
lower indices: more on 
that later

#
#
#
#


Einstein Implicit Sum Convention

Einstein summation convention: implicit summation over repeated lower/upper indices:

   

Warning: you should never have repeated indices at the same level (upper or lower)

These forms are valid: 

Lower indices stay low

Upper indices stay up

Repeated indices are summed over and are dummy

These forms are NOT valid: 

#
#
#
#


Minkowski Metric

Remember we have 

The relation between covariant and contravariant 4-vector is given by 

The metric can raise or lower indices

We can define the inverse metric 𝜂𝜇𝛼: 

We also have 

The metric is a rank 2 tensor. 

Exercise: verify that 

Exercise: what’s 𝜂𝜇𝛼?

#
#
#
#


Spacetime diagram

Note: the sign depends on the metric sign convention! We are using “mostly minus” (+---)

Figure credits: H. Peiris

Past events that can 
affect the observer

Observer can 

affect/reach events

Observer cannot 
affect/reach such events

Past events that cannot 

affect the observer

#
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Coordinate Transformation

Let 𝐴𝜇 be a contravariant 4-vector in the coordinate 𝑥𝜇. In the new coordinate system 𝑥’𝜇, the vector is

Note:                        is a covariant 4-vector, and     is a contravariant 4-vector

This is just the usual transformation from linear 
algebra

#
#
#
#


4-vectors, Scalars, and Tensors

Relativity is a “covariant theory”: physical quantities should be independent of the coordinates

Tensors are the mathematical object that describes such quantities

For us, tensor will be a generalization of a vector or matrix, with an arbitrary number of dimensions 

(rank).

Spacetime is a 4-dimensional manifold, but let’s consider a flat spacetime first. Coordinates are thus 

covariant 4-vectors:

 

We can define a contravariant 4-vector                        so that the norm is 

s is an invariant (scalar), it doesn’t depend on the coordinate system 

#
#
#
#


Tensors

We saw that at every point 𝑝 of a manifold, we can attach a local vector space 𝑇𝑝

Covariant vectors “live” on the vector space 𝑇𝑝

We can define the dual space 𝑇𝑝
* of the vector space 𝑇𝑝

Contravariant vector “live” on the dual space 𝑇𝑝
* 

Linear form: an application 

We can see contravariant 4-vectors as vectors on the dual space 

Bilinear form: but also

Tensors are a generalization of linear forms: 

#
#
#
#


Tensors

Similarly, arbitrary rank tensors will just be a generalization of a vector or a matrix,  with an arbitrary 

number of indices which follow the following transformation:

Lower indices are called covariant, and upper indices contravariant

The rank of a tensor is the number of indices. In general, tensors have a covariant and a contravariant 

rank (N,M)

Not all quantities with upper and lower indices are tensors!

#
#
#
#


Tensors

● A covariant vector is a tensor of rank       : 4-position, 4-velocity, ...

● A contravariant vector is a tensor of rank      :

● A scalar (invariant) is a tensor of rank      : 

● Linear combinations of tensors are tensors

● Contraction: 

● Tensor product: 

#
#
#
#


4-velocity

The position is a 4-vector

We can define the proper time  

The 4-velocity is  

For a particle at rest: 

#
#
#
#


Tensor properties

   

Warning: you should never have repeated indices at the same level (upper or lower)

These forms are valid: 

Lower indices stay low

Upper indices stay up

Repeated indices are summed over and are dummy

These forms are NOT valid: 

#
#
#
#


Geodesic equation

Consider a free-falling body in an unaccelerated frame 𝜉𝜇. It follows 

Changing frame to an arbitrary frame  𝑥𝜇, we obtain the geodesic equation 

The metric can be written as 

where                                                                        are the Christoffel symbols. 

Free-falling particles follow the geodesics Note: the Christoffel symbols are not a tensor!

#
#
#
#


Tensor and Derivation

How to define derivation for tensors? 

For flat space, we have a good intuition of derivatives: the tangent to the trajectory

What happens for a curved space? Follow along the trajectory: 

Note that is a covariant tensor: 

 

derivative

Covariant derivative

#
#
#
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Metric

In GR, gravity is not seen as a force, but rather as a property of spacetime

We have to abandon the flat Minkowski metric

Instead, the metric is a function of space and time:  

The metric can be flat, positively, or negatively curved: 

Wikipedia

Closed 
(Positive 

curvature)

Open (Negative 
curvature) 

Flat

#
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The Schwarzschild Metric

● 1915: GR and Einstein Equation

● Jan. 1916: (one month later!) First exact solution by Schwarzschild

○ Spherically symmetric solution

○ Describes the metric around a black hole 

■ Schwarzschild radius rs

○ Schwarzschild dies on the Russian front in 1916 ㅠㅠ

○ His son was also an astronomer

Karl Schwarzschild 
(1873-1916)

#
#
#
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The Cosmological Principle

● Copernicus: “we don’t live in a particular place or time”

○ This was already revolutionary
○ But at the time, we only thought of the solar system, not further

● Cosmological principle: “we don’t live in a particular place or time” 

○ This is a generalization of Copernican principle

○ Can be translated to 
■ Homogeneity: no preferred location
■ Isotropy: no preferred direction

● This is one of the pillars of modern cosmology

● Supported observationally

● But of course, this should continuously be tested!

#
#
#
#


The Cosmological Principle

● Copernicus: “we don’t live in a particular place or time”

○ This was already revolutionary
○ But at the time, we only thought of the solar system, not further

● Cosmological principle: “we don’t live in a particular place or time” 

○ This is a generalization of Copernican principle

○ Can be translated to 
■ Homogeneity: no preferred location
■ Isotropy: no preferred direction

● This is one of the pillars of modern cosmology

● Supported observationally

● But of course, this should continuously be tested!

Isotropic
Inhomogeneous

Ansitropic
Homogeneous

Nick Strobel’s Astronomy Notes at 
http://www.astronomynotes.com. 

#
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The Friedmann-Lemaître-Robertson-Walker metric

The metric has 16 terms. However, physical considerations can help us lower the number of terms to 
calculate

● The metric is symmetric:                                 . (-6 terms)

● Homogeneity:                        (-3 terms)

● Spherical Symmetry: the spatial part of the metric is diagonal 

● Only 2 terms to calculate: 

#
#
#
#


The Friedmann-Lemaître-Robertson-Walker metric

Implication of homogeneity: 

● The metric can always be decomposed into a temporal and a spatial part:

● There exist a universal time t. 𝑡 is the proper time of an observer at rest with the cosmic fluid, i.e., 
whose timeline is orthogonal to the spatial coordinates

○ It makes sense to talk about the age of the Universe! 

#
#
#
#


The Friedmann-Lemaître-Robertson-Walker metric

The FLRW metric is

Two important quantities in the metric: 

R(t): scale factor describing the expansion of the Universe

k: curvature

The metric can be open (k=-1), closed (k=1) or flat (k=0)
Wikipedia

Positive 
curvature 

(k=1): closed 
universe

Negative 
curvature (k=-1): 

open universe

Flat 
universe 

(k=0)

#
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#
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The Friedmann-Lemaître-Robertson-Walker metric

An alternative form:

Two important quantities in the metric: 

R(t): scale factor describing the expansion of the Universe

k: curvature

The metric can be open (k=-1), closed (k=1) or flat (k=0)
Wikipedia

Positive 
curvature 

(k=1): closed 
universe

Negative 
curvature (k=-1): 

open universe

Flat 
universe 

(k=0)

#
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The Friedmann-Lemaître-Robertson-Walker metric

1915: Einstein’s GR: Einstein equation

1917: Einstein’s solution: 

1922-1924: Friedmann calculates the non-static solutions (Died in 1925)

1927: Lemaître (independently) calculates the solution, and measures the expansion of the Universe

1935-1937: Robertson & Walker show that the solution is unique

1929: Hubble measure the redshift-distance relation. The community accepts expansion. 

1930: Lemaître’s paper is translated to English, but without the distance-velocity relation

#
#
#
#


Consequences of the Cosmological Principle

● The metric is FLRW

● Constant curvature k

● Expansion: scale factor R(t)

● Redshift

● Hubble’s law

#
#
#
#


The scale factor

Two conventions: 

● This convention: 
○ R(t) is a length

○ Coordinates are dimensionless 

■ We can normalize the scale factor:

○ k is dimensionless: 

● Another convention: 
○ a(t) is dimensionless 
○ coordinates are lengths: 
○ K is an inverse length square: t

2
>t

1

t=t
1

A

A

B

B

#
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Comoving Coordinates

Physical coordinate: r “stretches” with time

Comoving coordinate: x fixed with expansion

● a is time-dependent

● If                                 : distances in the early universe become small: big bang!

● How does a evolve with time?

Cosmology is all about describing a(t)!

t
2

>t
1

t=t
1

A

A

B

B

#
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Suppose a galaxy emits photons at      and                   , and an observer observes them at                  and    

Photons follow geodesics:  

We thus have: 

Wavelengths get stretched (“redshifted”) with expansion

Galaxies far away are redder

Image credit: SDSS DR16 website

(The galaxy is immobile in the comoving frame) 

Redshift

#
#
#
#


Redshift

For nearby galaxies “receding” at velocity  

We recover the Doppler shift

Note that this is only valid for v<<c, or low z. 

The cosmological redshift is really due to the expansion and not a simple Doppler effect

Image credit: SDSS DR16 website

#
#
#
#


Hubble Law

What about the velocity? 

This is the Hubble law: the recession velocity is 

proportional to the distance of an object. 

is  the Hubble parameter

How to calculate a(t) and H(t)? Next lecture! 

Hubble (1929)

Physical 

coordinates
Comoving coordinates

v

d

Hubble (1929): H
0

 = 500 km/s/Mpc

Today: H
0

 ~ 67 km/s/Mpc (CMB measurements

  H
0

 ~ 73 km/s/Mpc (Local measurements)

#
#
#
#


Hubble-Lemaître Constant

It’s a pretty weird unit, if you think about it... 

km /s/Mpc ~ 1/time

It gives natural scales to the Universe:

Hubble time: 

Hubble distance: 

Its exact value is still a hot debate today!

Hubble (1929)

v

d

(Actually, I found it first!)

#
#
#
#


Hubble law: the expanding Universe 

Is it consistent with isotropy? If B and C are receding from A: 

C is receding from B

All points are being stretched away from each other

#
#
#
#


The Expanding Universe

● Einstein 1915: GR

● Einstein 1917: Static Solution, add a constant 𝛬

● Friedmann 1922: Static solution is unstable, expanding solution

● Lemaître 1927: re-discovers the static solution, adds data (French only)

○ Einstein: “Your calculations are correct, but your physics is atrocious” 

● Hubble 1929: the Universe is expanding!

○ Einstein: “my biggest blunder”

○ Lemaître’s paper translated to English, but without the data part ㅠㅠ

...

● 1998: The expansion is accelerated: Maybe there is Lambda after all!
● Today: part of the 𝛬CDM model

#
#
#
#


Geometry of the Universe

The curvature of spacetime is described by the Riemann tensor 

The Ricci tensor is defined as the contraction (summation) over the first and third indices: 

The Ricci scalar is obtained via

You certainly don’t need to remember these definitions!

Note: they only depend on the first and second derivatives of the metric via the Christoffel symbols

Some conventions 
have the opposite sign

Contraction: summation over 
repeated indices

#
#
#
#


Einstein Equation

So far, we haven’t used GR!

We have just made geometric considerations.

● Derivation à la Einstein: 
○ Only contain derivatives of the metric only up to the second order
○ The only possibility is the Einstein equation

● Derivation à la Hilbert: 
○ Build the action: 

○ Minimization gives the Einstein equations

#
#
#
#


Einstein’s Equation

One of the most beautiful equations in physics!

More on the cosmological constant later… 

So far we’ve focused on the left-hand side of the  Einstein equation. What’s on the right-hand side? 

“Spacetime tells matter how to move; matter tells spacetime how to curve” J. Wheeler

Geometry EnergyCosmological 
constant

: Einstein tensor

#
#
#
#


The Energy-Momentum Tensor

For a perfect fluid of energy density 𝑃 and pressure 𝜌, the energy impulsion tensor is 

Where 𝑈𝜇 is the 4-velocity. In an isotropic inertial frame (                     ), it is equal to: 

In general, we need the metric 

For an isolated system, energy conservation: 

#
#
#
#


Friedmann Equations

The 00 component of the Einstein equation gives: 

and the ij components give the acceleration equation:

#
#
#
#


Homework

Due: Tuesday 09/14, 10:00 (before the lecture)

Format: pdf or jupyter notebook

● Please comment your results! I don’t want just answers, I want to know what you did!

● English mistakes are not taken into account (but please try your best!)

#
#
#
#


Homework

You will need to use python and install einsteinpy We are going to verify the Einstein equation 

using Einsteinpy

● Define the FLRW metric: MetricTensor
○ Calculate the Christoffel Symbols
○ Calculate the Riemann and Ricci tensors, and the Ricci scalar

● Calculate the Einstein tensor

● Define the Energy-Momentum Tensor

● Assume Einstein equation and obtain the Friedmann equations

Bonus:

● Add the cosmological constant Lambda

Bonus: 

● Add a dark energy with constant equation of state w(<0) 

#
#
#
#

