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Summary of last lecture

● Mathematical framework: tensors

● Gravity: Einstein Equations: 

● Evolution of the scale factor: Friedmann Equations

Geometry EnergyCosmological 
constant

#
#
#
#


Newtonian interpretation of the Friedmann Equations

Consider a sphere of radius a in a universe with uniform density. 

Integrating 

           , we obtain:

First Friedmann equation

Second Friedmann equation

Friedmann equation conservation of energy

#
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Newtonian interpretation of the Friedmann Equations

k>0: Collapse

k= 0: total energy = 0: expansion ends at infinite time

k<0: expands forever

#
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Solutions

Solutions can be found

We need assumptions for the composition of the Universe

● Matter (“dust”)

● Photons

● Curvature

● Cosmological constant

● …

Need to know the energy density  and the pressure

For a perfect fluid, the equation of state is 

#
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Solutions

For a perfect fluid, the equation of state is 

From the first equation:

Therefore: 

 

Energy Work

#
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Solutions

For a perfect fluid, the equation of state is 

De Sitter Universe:  (no curvature, no Lambda) 

● Matter: w=0

● Photon: w=⅓

#
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“Dust” Universe

The universe is made of non-relativistic matter

Pressure is negligible: 

Conservation of mass: 

Thus: 

#
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“Radiation” Universe

Describes photons, relativistic neutrinos, … 

We will consider the case of photons

Photon energy: 

Number density: 

Energy density of photons: 

#
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Solutions

Each component (including curvature!) can be described as a perfect fluid with e.o.s. w

Critical Density  of the Universe

Density parameters
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Universe without a cosmological constant

The universe can accelerate if 

 

#
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Big Bang singularity

Second Friedmann equation: 

For

The scale factor is concave: singularity!  

#
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Accelerated Universe

The Friedmann equations with cosmological constant can be rewritten: 

Lambda can be described as a fluid of energy density and equation of state 

#
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Fate of the Universe

Without Lambda: 

Critical density: expansion stops at infinite time

: collapse

: Infinite expansion

Lambda accelerates the expansion

#
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The Lambda CDM model

Current model of the Universe

Supported by a lot of observations (SNIa, CMB, BAO, …)

Consists in matter, dark energy, photons, and essentially 

zero curvature

Radiation dominated epoch: 

Matter dominated: 

(Curvature dominated: never)

Dark energy dominated: 

#
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The Lambda CDM model

Matter-radiation equality: 

Dark Energy dominated: 

#
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Cosmography: deceleration parameter

Taylor expansion at z=0: 

Deceleration parameter

For LCDM: 

#
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Cosmography: deceleration parameter

Taylor expansion at z=0: 

We can calculate the time since z for small z knowing only(H
0

, q
0

)

#
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Age of the Universe

We can calculate the time from z to now: 

The age of the Universe depends on its energy content. 

#
#
#
#


Cosmic Distances

The notion of distance is not so intuitive in an expanding Universe

We already encountered the proper distance and the comoving distance

Comoving distance: factor out the expansion. 

Proper distance: take a photo at a certain time t, what is the distance between the observer and the 

source?

Neither are observable!

We will have to define other kinds of distances. 

But first, let’s see what we can say about these two distances
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Coordinate conventions

(1)

(2)

● Convention 1: [a] = L, [r] = [k] = 1

● Convention 2: [a] = 1, [r] = L, [k] = 1/L2,

We can easily switch between both conventions, and use whichever is more convenient. 

I’ll usually drop the ~, but it should be obvious from dimensional analysis.

#
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Comoving Distance

We already encountered the comoving distance. 

For a radial trajectory     , we have

 

The comoving distance is given by 

Depends of the curvature. For a flat universe: 

We use the convention where
 

Sometimes called the “radial comoving distance” 

Sometimes called the 
“transverse comoving 
distance”

#
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Comoving Distance

For a closed universe (k>0): 

For an open universe (k<0):

Finally, for all curvatures, noticing that 

we can write 

This is valid for all values of k, including the limit 

k=0: 

#
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Angular Diameter Distance

The angular diameter distance is defined as

The source is at a radial comoving distance  𝜒 at scale factor 𝑎: 

 Physical size at fixed radial comoving distance 𝜒

#
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Luminosity Distance

Without expansion: Luminosity of a source at distance D: 

With expansion: 

● Photons are redshifted:

● Number of photons is conserved:  

Draw a sphere centered on the source. We sit at radial comoving distance 

Therefore, we have 

#
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Etherington Relation

This relation is always true as long as: 

- Gravity is a metric theory

- The number of photons is conserved

- Photons travel along geodesics

#
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Distances in Cosmology

Measuring distances = measuring the composition of the Universe!

#
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Cosmic Distances

Luminosity and angular diameter distances 

for different values of 

Angular diameter distance: upturn! Objects 

further away start appearing bigger

All distances are the same at low redshift

#
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Cosmological Probes

● Type Ia Supernovae

● Baryon Acoustic Oscillations

● Quasars

● Gravitational waves

● … 

#
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Type Ia Supernovae (SNIa)

White dwarf (WD) + companion 

binary

Companion grows beyond the 

Roche limit and is accreted by the 

WD

WD mass reaches the 

Chandrasekhar mass (1.44 Msun)

Collapse into Supernova

Assumption all SNIa collapse at 

the same mass: all have the same 

luminosity: Standard Candle 

#
#
#
#


Type Ia Supernovae (SNIa)

Distance modulus: 

MB is the “absolute magnitude of SNIa. It is 

assumed to be universal, but unknown

Pantheon (Scolnic et al. 2018)

1998: Discovery of acceleration

2011: Nobel Prize

#
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Type Ia Supernovae (SNIa)

Distance modulus: 

MB is the “absolute magnitude of SNIa. It is assumed to be universal, but unknown

Actually, if we look in detail, it is not so universal, but SNIa people work on this. 

MB is a nuisance parameter for cosmology: we need to take it into account, but we are not interested 

in it

It is degenerate with H0: 

 SNIa alone cannot constrain H0! 

Usually, we fix H0 to a specific value (Pantheon: 70 km/s/Mpc) and vary MB 

#
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Baryon Acoustic Oscillations

We will see more in detail in the CMB lecture

The sound horizon the distance the sound waves can propagate to until decoupling at redshift  

It affects the clustering of matter today (c.f. Lecture on clustering)

It is very well understood, and we know its value

I will not enter the details, but BAO experiment can measure the radial and transverse modes: 

If we know (or calculate) rd, we can measure H and dA at a certain redshift

#
#
#
#


Quasars

Quasars (Quasi-stellar objects) are active galaxy nuclei

They are powered by the gas of the accretion disk around a supermassive black hole 

They are extremely bright, and can be seen up to z~6-7

If we can standardize them, they can become powerful probes

So far, the measurements are not reliable enough to make them competitive probes

Empirical UV-X ray correlation: can infer a distance 

At 세종대: Quokka project (J. Hodgson, BL,...)
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Gravitational waves

Predicted by Einstein (1917)

First detected in 2015

Merger of compact binaries (black-holes, neutron stars) 

Multi-messenger astronomy

If we find an electromagnetic component, we can measure the redshift

Has been used to verify that the speed of GW is the speed of light!

Can also measure H
0

Very hot topic!

#
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Homework (Due: 09/28, 10:00)

Consider the following model of dark energy (CPL): 

● How does the associate energy density evolve with redshift?

● Calculate and plot a(t), rho(z), d_L(z)  for various values of (w0, wa). 

● Download the pantheon data: 

https://github.com/dscolnic/Pantheon/blob/master/lcparam_full_long.txt

● Plot the data and errorbar, and plot several theoretical models: Flat LCDM, Open LCDM, CPL, with 

the parameters you choose

● The covariance matrix is here: 

https://github.com/dscolnic/Pantheon/blob/master/sys_full_long.txt

● Find the best-fit cosmology for the three aforementioned models

● [Bonus]: Perform an MCMC on these three models and plot the triangle plots. 

풍성한 한가위 되세요~
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https://github.com/dscolnic/Pantheon/blob/master/lcparam_full_long.txt

